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Fig. 3 Comparison of dynamic displacement histories for
n — 1 at midspan of a cylinder with clamped boundaries.
A) isotropic, B) % isotropic shear modulus, C) 34 isotropic

shear modulus.

the calculated points have been connected by straight lines to
illustrate the trends.

It is of interest to note that, as harmonic number is in-
creased past n = 4, the radial displacement ratios for 5 > 0
approach those for 5 < 0 and both appear to approach a
horizontal tangent. This result is not immediately obvious
from an examination of the coefficients of Eqs. (5) of Ref. 1.
Similar calculations were performed for the same cylinder in
which the values of EI and E<* were interchanged and again E%
was varied with essentially the same results. One pronounced
difference in the cases studied was a maximum displacement
difference occurring at n = 4 in the latter cases for d > 0
rather than at n = 3, as shown in Fig. 1. This result is not at
all unlikely in practical situations involving composite layers
in shells.

Nonzero values of C12
(1) and Gw as well as variations in

boundary conditions also produced similar effects. Nondi-
mensional displacement profiles for the clamped-free cylinder
subjected to a load q = —cos30 are shown in Fig. 2. Coupling
parameter values of d = ±^ for both Ci2

(1) and C2
(1) varia-

tions, as well as the uncoupled case, 5 = 0, are presented.
Note that increasing the circumferential stiffness in the inner
layer while reducing it in the outer layer (i.e., d = % for
C2

(1)) produces a displacement profile similar to the case where
both the axial and circumferential Poisson's ratios are in-
creased in the outer layer while being reduced in the inner
layer (i.e., d = — |-for CV2

(1)). The major difference is that the
latter produces displacements relatively close to the un-
coupled results whereas the former produces displacements
about 20-30% larger.

The similarity in the profiles for opposite signs in d gives an
indication of how Poisson's ratio is related to the direct stiff-
ness. Increasing Poisson's ratio in one layer is, in some re-
spects, equivalent to reducing the circumferential stiffness in
the same layer. An additional effect involving Poisson's
ratio is noted from an examination of an axisymmetric normal
load on a free-free two-layer cylinder. If the Poisson's
ratios are the same in both layers, the axial moment m% will
be identically zero over the length of the cylinder, whereas
if coupling of the Poisson ratio terms is introduced, an axial
moment will exist along the length of the cylinder with the
exception of the free ends. This result is not restricted to
orthotropic materials, but will also appear for isotropic layers
since it is apparently a consequence of the Kirchoff hypothe-
sis, which requires the cross section to remain plane. The
Poisson coupling tends to distort the cross section and is re-
strained from doing so by the axial moment.

In another example it was of interest to evaluate the effects
of "reduced" shear modulus in composite materials, which in

most cases is considerably lower than the corresponding iso-
tropic shear modulus E12 = E/2 (1 + v). A cylinder, clamped
at both ends (s = 0, s: U% = Ue = W = <% = 0) and sub-
jected to a normal triangular blast loading q = —g(t) cosnB, is
studied. Here,

((0.25 X 10%
g(t) = 1 (0.01 - 0/0.009996,

( 0,

t < 4 X 10~6

4 X 10~6 < t < 10~2

t > 10~2

The geometry and material properties are r = 10 in., L = 60-
in., h = i in., p = 0.2 X 10~4 Ib sec2/in.3, E,/(l - z^2) =
Ez/(l — vivz) = 107 psi, vi = j>2 = 0.15, and three values of the
shear modulus: A) En = 0.425 X 107 psi (isotropic), B)
#12 = 0.31875 X 107 psi, and C) E12 = 0.2125 X 107 psi.

The normal displacement response for the n = 1 harmonic
is shown for the midspan location in Fig. 3 and, as expected,
the frequency is decreasing with shear modulus since this cor-
responds to an over-all reduction in stiffness of the structure.
It is of interest to note that a 50% reduction in shear modulus
(case C) produces almost twice the maximum deflection of the
isotropic case A.

It is apparent that omission of the coupling coefficients
[ju = 1 in Eqs. (3), Ref. 1] can lead to important errors in the
solution of multilayer shell problems. Although the numerical
results were presented for cylindrical shells, it appears evident,
from an investigation of the coefficients of Eqs. (5) of Ref. 1,
that for general shells of revolution omission of the coupling
terms can similarly lead to large errors. The use of isotropic
theories for materials whose properties differ from isotropic by
virtue of a "reduced" shear modulus can, as evidenced by the
last example, also be erroneous. The present results are an
initial effort to evaluate some effects of material coupling, and
although the results cannot be stated in general terms, they
indicate a need for further study.
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Response Characteristics of Thin Foil
Heat Flnx Sensors

ROBERT L. ASH*
Old Dominion University, Norfolk, Va.

Introduction

THE asymptotic or Garden type heat flux transducer has
become increasingly important in the aerospace industry.

Among the advantages of this type of transducer are direct
readout and rapid response to time varying heat fluxes.
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c = Foil specific heat

COPPER
WIRE

_t
* (Thickness L)

V COPPER TUBE
(Heat Sink)

Fig. 1 Sketch of the heat flux sensor.

This rapid response behavior has been demonstrated in the
laboratory, but has not been shown with a mathematically
based theory. The purpose of this paper is to present such
an analysis.

Little theoretical literature has been presented on this
type of transducer. Robert Garden's1 original work ex-
plained the theory of operation and developed design cri-
teria. Malone2 investigated the steady-state temperature
distribution in the foil for a convective environment and
determined the effect of the center-line wire on the tempera-
ture distribution. Finally, Woodruff, Hearne, and Keliher3

have investigated errors produced in the readout due to
thermal disruption of the boundary layer.

Theory

A cross section of the sensor under study is shown in Fig.
1 along with appropriate dimensions and properties. Neg-
lecting temperature variations through the foil thickness
and assuming constant thermal properties, an energy balance
yields

q"(t)/L .(1)
Assuming variations in the heat sink temperature are neg-
ligible and taking that temperature as the zero reference,
the boundary conditions are

T(r,0) = T(R0,t) =-(5!T/5r)(0,0 = 0 <2)
The analyses of two general cases follow. These results can
be extended to more general problems by the use of Duhamel
integrals when the heat flux varies, or by using KirchhofPs
transformation for variable thermal conductivity in radi-
atively heated devices.

Case 1: A suddenly applied, constant heat flux

In this case, q"(t) = q$ = const, for t > 0. Consequently,
the governing equation becomes

qQ/pcL (3)

where a is the thermal diffusivity. By denning a new
variable 0(r,£), given by

0(r,0 = T(r,t) - (4)

the governing equation is made homogeneous and the new
boundary conditions are

0(fio,0 = (50/br)(0,0 = 0
and

(5)

(6)

Fig. 2 Dimensionless temperature difference vs Fourier
number for a suddenly applied, constant heat flux.

Using separation of variables, the solution to this equation is

0(r,0 = I>»e"~aXw2^o(XBr) (7)
n = l

where the Xn's are roots of /o(Xn#o) = 0, and the an's are
given by

J Ro
o r<t>(r)J0(\nr)dr q

/
Ro ~ -faj^j

0

o) (8)

Fig. 3 Dimensionless centerline heat flux vs Fourier
number when the sensor is suddenly exposed to a constant

temperature convective environment.
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Fig. 4 Dimensionless temperature re-
sponse to the convective environment for

different values of K.

Or, letting yn = XJ?0, and writing in terms of T(r,t) where

X

e-avnt/M (9)

Defining AT(t) as the instantaneous temperature difference
between the foil centerline and the foil-heat sink interface,
the dimensionless indicated temperature difference can be
written

4kLAT(t)
(10)

where FQ is the Fourier number (at/R0
2). The denominator

has been simplified by making use of the identity J^Jn) =
(2/70/1(70 - J0(70 = (2/70/i(70.

The response of the foil to a step function heat input is
shown in Fig. 2. The response predicted by the present
theory is compared to the exponential equation originally
used by Gardon in his approximation for the sensor response.
In addition, Eq. (9) has been used to show the effects of
errors in location of the center-line thermocouple wire on
the sensor output. Parameter (r/Ro) represents the frac-
tional error.

Case II: Sudden exposure to a convective environment

Assuming the reference temperature, Tm) and the heat-
transfer coefficient, h, are constant, the governing equation is

(h/pcL)[Tm - (11)

The boundary conditions are the same as those given in Eq.
(2). As before, a new variable 0(r,t) can be defined which
makes the governing equation homogeneous. That is,

9(r,t) = T(r,t) - 1 - (12)

(13)

(14)

Again, using separation of variables, the solution has the
form

0(r,t) = £>» exp[-{(VpcL) + An
2a}*] J0(\nr) (15)

n=l

with boundary conditions

0(fio,0'= (&0/dr)(0,0 = 0
and

0(r,0) = / ——————————— — ^ > =

-2To: (16)

Hence, rearranging

[^co- T(r,t)] I
+ \'kL

Making use of the dimensionless Fourier number, Biot
number (£,•), aspect ratio (A), and defining a dimensionless
eigenvalue (yn), and response constant (K), where

Bi = 2hR0/k; A = 2R0/L; jn =
K = (ABi/±yi*

the solution can be written
T7 T7^ T? \ T (i/J"\ °° £>~ (^ +^oo — i U j^OJ _ loW; , O o x^ e

(19)
where f = r/RQ.

Realizing [Tm - T(0,Fv)]/Tw = qc(F0)/hTm, where qc(FQ)
represents the heat flux through the foil center-line, which is
a function only of time, we can write

qc(F0)K)
K

(20)

The response of the foil to a convective environment is
shown in Figs. 3 and 4 for various values of K. Figure 3 shows
the measured centerline heat flux as a function of time for
different values of K. It should be noted that Tc is the tem-
perature at the foil center-line. In addition, since the heat
sink temperature is actually nonzero, it has been designated
TQ in Fig. 4.

Conclusions

It has been shown that the theoretical response predicted
for a thin foil gage when suddenly exposed to a constant heat
flux agrees closely with the experimentally based response
curve developed by Gardon. Furthermore, the analysis has
shown that the magnitude of the heat-transfer coefficient,
through response function K, affects the response time of the
sensor, as well as its response curve. This last result can
perhaps be used to simultaneously obtain qualitative esti-
mates of the heat-transfer coefficient and the appropriate
reference temperature in an experimental facility.
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Stability and Shape of Magnetically
Balanced Cross-Flow Arcs

DAVID M. BENENSON* AND ALLEN J.
State University of New York at Buffalo, Buffalo j N. Y.

"C'XPERIMENTAL investigations of the magnetically
••-̂  balanced cross-flow arcs have been reported ir! /Refs.
1 and 2. In Ref. 1, the arc (about 5-in. length) was drawn
between a thoriated tungsten cathode and a copper, coil-type
anode; the electrodes were placed outside the test section.
Instability occurred at speeds of about 60 ft/sec. Generally,
the instability was associated with erratic behavior at the
anode attachment, resulting in electrode failure (Ref. 3).
Tests reported in Ref. 2 were conducted upon rail and pointed
electrode configurations (electrode spacing in each case was
\ in.) ; all electrodes were copper. Arc instability was
followed by extinction of the arc (Ref. 4). For the pointed
electrodes configuration, instability was reached at about
50 ft/sec; with rail electrodes, instability occurred at about
130 ft/sec. For both Refs. 1 and 2, visual observation of
the arc was generally confined to views transverse (i.e.,
normal, a = 0°) to the flow (and arc) and_from the down-
stream direction (a = 90°). The ratio L (characteristic
dimension transverse to the flow to that in the direction of
flow) was found to be of the order 1-2 (Ref. 1). This ratio
was probably about the same for the rail electrode con-
figuration of Ref. 1, even though the plasma was bulbous
near one of the electrodes; comparable information for the
pointed electrode configuration was not reported.

Our experience with similar plasma configurations suggests
that the occurrence of such instabilities or of arc oscillations
under supposedly steady-state operation (Ref. 5) may de-
pend upon many factors (additional to velocity and arc
current), including the electrode configuration, electrode
material, and tunnel geometry.

Reported herein are results of tests conducted upon mag-
netically balanced, atmospheric, cross-flow arcs in argon.
Electrodes of the pointed type were used: 90° conical tip,
0.250-in.-base-diam copper anode and a 0.080-in.-diam,
0.469-in.-long tantalum cathode. The arrangement was
placed inside a 1-g-in. X 1-J-in. test section; electrode spac-
ings were in the range |-| in. Arc currents up to 150 amp
were employed. Transverse magnetic field, uniform to
within ±0.15% in a 1-in.3 volume centered about the elec-
trode centerline and duct centerline, was applied using a coil
arrangement; field strengths in excess of 500 gauss were
developed. The field arrangement permitted observation
of the plasma over a wide range of azimuthal angles [with

Fig. 1 Arch at-
tachments on
downstream side
of electrodes:
cathode over
anode; a. = 45°,
U = 10.4 fps,
/ = 132 amp,
electrode spacing
= 0.500 in., and

B = 18 gauss.
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such an arrangement, the temperature distribution within
the plasma will be obtained employing techniques previously
developed for nonmagnetically balanced cross-flow arcs (Refs.
6,7)].

Tests were carried out to velocities of about 81.5 ft/sec.
Instability did not occur. Fluctuation of the central portion
of the column became more pronounced at the higher veloci-
ties; the amplitude of the fluctuations was of the order of the
arc dimension in the direction of flow. In all tests both
anode and cathode attachment appeared fixed, i.e., steady-in
position.

Two different types of balanced arc modes have been found,
the configurations observed depending upon whether the
plasma attachments were on the upstream or the downstream
(or at the apex) side of the electrode. In turn, the location of
the attachment points depended upon the velocity as well
as upon the strength of the transverse magnetic field (i.e.,
the J X B body force). In fact, a critical or threshold ve-
locity was found, below which the magnetic field available
was not sufficient to force the attachment points onto the
upstream side of the electrodes. Below this critical ve-
locity, the magnetic field appeared to affect primarily the
arc column. With sufficient field, the column was forced
relatively far upstream; under these conditions, the plasma
appeared distinctly filamentary.

As expected, for a given current and velocity, the arc may
be operated in a stable mode over a wide range of magnetic
fields. Under these conditions, a configuration is obtained
which generally is no longer colinear (or nearly colinear) with
the electrodes (i.e., no longer balanced); the resulting cusp-
shaped appearance is similar to that studied previously for
nonmagnetically balanced cross-flow plasmas.6*7

With balanced operation and with the arc attachments at
the apex or on the downstream side of the electrodes, L was
generally relatively large, of the order of 3-5 [Fig. 1; all
photographs were taken using a narrow band (10 A) optical
interference filter centered at 4454 A. ] In comparison, plasma
attachments on the upstream side of the electrode resulted
in a relatively longer plasma in which the characteristic
transverse dimension was of the same magnitude as the char-
acteristic axial dimension (L ~ 1-2; Figs. 2, 3).


